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Technology Focus 
•  Support of the Underwater Munitions Expert System (UnMES) for 

Remediation Guidance through development of observation-based 
parameterized models for burial, re-exposure and movement. 

 
Research Objectives 
•  Synthesize and parameterize effects of far-field bed processes:            

(1) Effects of bedforms on munitions, (2) Effects of bed fluidization. 
 
Project Progress and Results 
•  Progress in Year 2 has focused on a synthesis and simple model 

formulation for burial of munitions-like objects by bed fluidization 
associated with wave-induced liquefaction of sand. 

 
Technology Transition 
•  Transfer additional parameterized models to MR-2645 

“Underwater Munitions System for Remediation 
Guidance” (Rennie, PI), following successful precedent set by 
Friedrichs’s previous project MR-2224. 
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Burial by bed fluidization  
(Catano-Lopera, Demir & Garcia 2007) 

Burial by bedform migration 
(Voropayev et al. 1999) 



Social Media Content 
Results of Friedrichs’s present (MR-2227) and previous SERDP Munitions Response 
project, MR-2224 “Simple Parameterized Models for Predicting Mobility, Burial, and 
Re-Exposure” have been highlighted on the web: 
 

●  Findings available to lay audience via SERDP & ESTCP Webinar  
      https://www.serdp-estcp.org/Tools-and-Training/Webinar-Series/05-07-2015 
 

●  All of Friedrichs’s past SERDP presentations (10 to date) are downloadable at 
his lab (Coastal Hydrodynamics and Sediment Dynamics) website: 

      http://www.vims.edu/chsd 
 

●  Rennie, Brandt & Friedrichs (2017) “Initiation of motion and scour burial of 
objects undewater”. Ocean Engineering, Vol. 131: 282-294 was highlighted on 
SERDP Munitions Response social media, e.g.: 

      https://www.facebook.com/serdpestcpMR/15  on February 2, 2017 
 

●  Friedrichs’s SERDP 2017 Project of the Year Award for Munitions Response 
was highlighted on the News & Events page of the SERDP-ESTCP website:   

      https://www.serdp-estcp.org/News-and-Events/Blog/Simple-Parameterized-
 Models-for-Predicting-Mobility-Burial-and-Re-exposure-of-Underwater-Munitions 
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Problem Statement 
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●  Problem being addressed:          
Existing data and approaches for 
evaluating the potential effects of far-
field bed movement (e.g., bedforms 
and bed fluidization) on the mobility, 
burial and re-exposure of unexploded 
ordnance (UXO) and UXO-like 
objects have not been adequately 
compiled and synthesized in the past.  

 
●  Limitations of previous approaches: 

Recent data mining (Friedrichs 
MR-2224) has helped constrain near-
field interactions of flow with UXO 
(e.g., equilibrium burial by scour and 
initiation of UXO motion). However, 
relatively less literature review and 
synthesis has focused on interactions 
of far-field of flow and sediment with 
UXO (e.g., effects of bedforms, 
effects of bed fluidization). 

 
 
 

Better understand the role of 
independent bed movement 
 i.e., the “far field” 

Bed regimes as a function of flow and grain size 
(Modified from Stow et al. 2009) 
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Technical Objectives 

●  1) To identify and compile existing data and analyses regarding     
far-field sediment effects on UXO-like objects: (1) interaction with 
bedforms, (2) bed fluidization. 

●  2) To utilize these data and analyses to further develop and 
constrain simple, logical, parameterized relationships for these 
processes; 

●  3) And to provide these improved parameterized relationships to 
other SERDP/ESCTP investigators for use within UnMES as well 
as providing them to the larger DoD, coastal engineering and 
scientific communities. 
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●  Identify and compile existing data and analyses on interaction of UXO-like 
objects with bedforms and bed fluidization: 

-- Internet searches (Google Scholar, Google), VIMS electronic journal and dissertation 
subscriptions, VIMS library, pdf reprint requests, Researchgate, interlibrary loan… 
 

Technical Approach 
B

ed
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Envelope and frequency of object 
burial by megaripples 

(Gallagher et al. 2007) 

Sinking of sphere into saturated 
granular soil liquefied by vibration 

(Clément et al. 2018) 

Dobject 

   Burial,  
B 

Duck, NC 

CLÉMENT, TOUSSAINT, STOJANOVA, AND AHARONOV PHYSICAL REVIEW E 97, 022905 (2018)

FIG. 5. Experimental setups. The mechanical part on the right
exerts a horizontal movement on the box, guided by the rails. (a)
Home-developed vibrator, using a Phidget R⃝ 1063 PhidgetStepper
Bipolar 1 and MATLAB

R⃝ controls. This stepmotor provides an os-
cillation with an amplitude range (mm) [5; 30] and a frequency
range (Hz) [0.15; 2.8]. (b) TIRA R⃝ TV51120 shaker that we used
with an amplitude range (mm) [0.2; 1.5] and frequency range (Hz)
[4; 100].

water. Two versions of the setup are shown in Fig. 5, using two
different vibrators reaching different powers and frequency
ranges: (a) a homemade vibrator, using a Phidget R⃝ 1063
PhidgetStepper Bipolar 1 and MATLAB

R⃝ controls, and (b) a
TIRA R⃝ TV51120 shaker, type S51120, for higher frequencies
and larger power. After 3 min of relaxation time, sufficient
for the granular matter to settle in the wet medium, we gently
depose the intruder on the surface of the medium. After another
minute of relaxation, the box is horizontally shaken with a
sinusoidal movement of controlled amplitude and frequency.
A camera records the experiments. In the setup in Fig. 5(a) we
use a Nikon R⃝ Digital Camera D5100 with an 80-mm objective
recording at 25 frames/s. In the setup in Fig. 5(b) we use a
fast camera Photron R⃝ SA5 with a similar objective at 20 000
frames/s. The setup is illuminated by a flickerfree HMI 400 W
Dedolight R⃝ spotlight in front of the experimental cell, next to
the camera. The videos are cut into series of snapshots using
the free software FFmpeg R⃝. Figure 6 presents six snapshots,
corresponding to the different positions of the intruder from
the beginning to the end of the shaking.

We can follow the position of the intruder inside the medium
through image analysis. We use MATLAB

R⃝ algorithms and
based on the color of each pixel of each picture, we access the
position of the pixel of the highest point of the ball. Using these
data and geometrical considerations to correct for perspective

FIG. 6. Series of snapshots of an experiment, read from left to
right and from top to bottom.

effects, we obtain the height of the ball above the granular
medium surface.

B. Numerical simulations

1. Modeling principles

Our simulations are 2D representations of the experimental
setup, based on discrete-element method of molecular dynam-
ics [57]. We use the soft-particle approach originally developed
by Cundall and Strack [58] where we add a buoyancy force
to account for the presence of water [45]. The simulations
give access to the trajectory and transient forces acting on
individual cylindrical particles immersed in a fluid inside a
finite space. In order to model a 2D space of size comparable
to the experiments, we need to use larger grains than the
experimental ones, since the experiments performed include
roughly 108 particles, which is beyond numerical capabilities
of the model described here. The behavior of each particle of
mass m and moment of inertia I is governed by the second law
of Newton and the angular momentum theorem,

∑
Fext = m z̈(t),

∑
M(Fext) = I

d θ̇

dt
(t), (14)

where
∑

Fext and
∑

M(Fext) are the sum of external forces
and the sum of external torques acting on the particle, respec-
tively, z̈(t) is the particle acceleration, and θ̇(t) is its angular
velocity. Our particles are cylinders because our simulation is
in two dimensions, thus, for a particle of radius r , the inertial
momentum is I = mr2/2 and the mass is m = ρsπr2l, where l
is the size of the medium in the third direction. To reproduce the
experimental setup, the numerical media are enclosed between
walls, two vertical ones on each side and a horizontal one on
the bottom (Fig. 7).

We compute the forces in the Galilean laboratory reference
frame. The forces implemented on each particle are the gravity,
the buoyancy force of the liquid, and the contact forces. We
assume the movement of the fluid with respect to the grains
to be slow enough to neglect the viscosity of the fluid. Thus,
the fluid only intervenes in this model via buoyancy forces.
For a particle of density ρs, volume V , and immersed volume
Vim, the gravity and buoyancy forces are given, respectively,
by Fgravity = Vρsgez and Fbuoyancy = −Vimρwgez, where g =
9.81 m s−2 and ez is the downward vertical unit vector.
We model the contacts between two particles with a linear
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Technical Approach (cont.) 
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●  Further develop parameterized relationships for UXO mobility, burial and re-exposure;  

●  Provide these improved relationships for use within UnMES as well as providing them to 
the larger DoD, engineering and scientific communities. 

●  Previous SERDP projects MR-2224 (Friedrichs) and MR-2227 (Rennie) provide precedent. 

(Rennie, Brandt & Friedrichs 2017) 

Equilibrium Scour Burial Depth 
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(Friedrichs, Rennie & Brandt 2016) 



Results: 1. Bedforms – Process & Importance 

●  Burial of object by bedform crest; additional object scour occurs in bedform trough. 
●  Net elevation of periodically buried object is lower due to passage of bedform. 

8 

Sand waves passing over UXOs  
(Catano-Lopera, Demir & Garcia 2007) 

Bedform passing over UXO  
(Voropayev et al. 1999) 



Results: 1. Bedforms – Bed Envelope Concept 
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Dobject 
= 20 cm 

 

●  As deeper troughs pass, object elevation continues to drop, but less frequently. 
●  Potential Bmax(t) ~ ηBmax (1 – exp(-t/TBmax)) follows exponential taper in time. 
●  ηBmax ~ dominant bedform height,  TBmax ~ bedform cycle time. 
●  Envelopes are superimposed, with larger bedforms dominant at longer time-scales. 

   Burial,  
B 

Bed Envelope thickness = Bmax ≈ ηBmax(1 – exp(-t/TBmax)) 

Duck, NC 

(Gallagher et al. 2007) 

Megaripples 

   Burial,  
B 

Bmax ≈ ηBmax(1 – exp(-t/TBmax)) 

Dobject 
= 20 cm 
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Burial up to  
~ 60 cm 
without net 
deposition  

Field observations: model munitions burial by 
storm at Duck, NC, Feb 2015, h = 6 to 8 m 

 
(Calantoni, SERDP Workshop, June 2017) 

●  Earthquake liquefaction experiments suggest simple force balance governs sinking. 
●  Burial/Diameter (B/D) of munitions-like objects in storms increases with object density (ρobj). 
●  Is simple formulation suggested by lab experiments consistent with field observations?  

(Object density) / (Wet sand density) 

ρobj/ρwet.sand 

Results: 2. Liquefaction – Process & Importance 
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FIG. 5. Experimental setups. The mechanical part on the right
exerts a horizontal movement on the box, guided by the rails. (a)
Home-developed vibrator, using a Phidget R⃝ 1063 PhidgetStepper
Bipolar 1 and MATLAB

R⃝ controls. This stepmotor provides an os-
cillation with an amplitude range (mm) [5; 30] and a frequency
range (Hz) [0.15; 2.8]. (b) TIRA R⃝ TV51120 shaker that we used
with an amplitude range (mm) [0.2; 1.5] and frequency range (Hz)
[4; 100].

water. Two versions of the setup are shown in Fig. 5, using two
different vibrators reaching different powers and frequency
ranges: (a) a homemade vibrator, using a Phidget R⃝ 1063
PhidgetStepper Bipolar 1 and MATLAB

R⃝ controls, and (b) a
TIRA R⃝ TV51120 shaker, type S51120, for higher frequencies
and larger power. After 3 min of relaxation time, sufficient
for the granular matter to settle in the wet medium, we gently
depose the intruder on the surface of the medium. After another
minute of relaxation, the box is horizontally shaken with a
sinusoidal movement of controlled amplitude and frequency.
A camera records the experiments. In the setup in Fig. 5(a) we
use a Nikon R⃝ Digital Camera D5100 with an 80-mm objective
recording at 25 frames/s. In the setup in Fig. 5(b) we use a
fast camera Photron R⃝ SA5 with a similar objective at 20 000
frames/s. The setup is illuminated by a flickerfree HMI 400 W
Dedolight R⃝ spotlight in front of the experimental cell, next to
the camera. The videos are cut into series of snapshots using
the free software FFmpeg R⃝. Figure 6 presents six snapshots,
corresponding to the different positions of the intruder from
the beginning to the end of the shaking.

We can follow the position of the intruder inside the medium
through image analysis. We use MATLAB

R⃝ algorithms and
based on the color of each pixel of each picture, we access the
position of the pixel of the highest point of the ball. Using these
data and geometrical considerations to correct for perspective

FIG. 6. Series of snapshots of an experiment, read from left to
right and from top to bottom.

effects, we obtain the height of the ball above the granular
medium surface.

B. Numerical simulations

1. Modeling principles

Our simulations are 2D representations of the experimental
setup, based on discrete-element method of molecular dynam-
ics [57]. We use the soft-particle approach originally developed
by Cundall and Strack [58] where we add a buoyancy force
to account for the presence of water [45]. The simulations
give access to the trajectory and transient forces acting on
individual cylindrical particles immersed in a fluid inside a
finite space. In order to model a 2D space of size comparable
to the experiments, we need to use larger grains than the
experimental ones, since the experiments performed include
roughly 108 particles, which is beyond numerical capabilities
of the model described here. The behavior of each particle of
mass m and moment of inertia I is governed by the second law
of Newton and the angular momentum theorem,

∑
Fext = m z̈(t),

∑
M(Fext) = I

d θ̇

dt
(t), (14)

where
∑

Fext and
∑

M(Fext) are the sum of external forces
and the sum of external torques acting on the particle, respec-
tively, z̈(t) is the particle acceleration, and θ̇(t) is its angular
velocity. Our particles are cylinders because our simulation is
in two dimensions, thus, for a particle of radius r , the inertial
momentum is I = mr2/2 and the mass is m = ρsπr2l, where l
is the size of the medium in the third direction. To reproduce the
experimental setup, the numerical media are enclosed between
walls, two vertical ones on each side and a horizontal one on
the bottom (Fig. 7).

We compute the forces in the Galilean laboratory reference
frame. The forces implemented on each particle are the gravity,
the buoyancy force of the liquid, and the contact forces. We
assume the movement of the fluid with respect to the grains
to be slow enough to neglect the viscosity of the fluid. Thus,
the fluid only intervenes in this model via buoyancy forces.
For a particle of density ρs, volume V , and immersed volume
Vim, the gravity and buoyancy forces are given, respectively,
by Fgravity = Vρsgez and Fbuoyancy = −Vimρwgez, where g =
9.81 m s−2 and ez is the downward vertical unit vector.
We model the contacts between two particles with a linear

022905-6

Lab: Sinking of sphere into saturated 
granular soil liquefied by vibration 

 
(Clement et al. 2018) 

Rate of sinking is determined by a balance 
between buoyancy and frictional drag 



Results: Liquefaction 
●  What is (momentary) wave-induced liquefaction of a sand bed?   
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>  (ρwet.sand – ρwater) g 

particles in the flow. The sediment particle settling velocity
can be computed, for example, by Julien (2002)

ws ¼
8!
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ (s# 1)gd3

72!2

s

# 1

0

@

1

A
(6)

where ! is the kinematic viscosity of the fluid. Equation (6)
yields a particle settling velocity of 52 mm/s for the model
sediments considered in this paper (with d ¼ 0.35 mm).
Suspended sediments can be maintained when RO is less
than 2.5, and an entire water column would be filled with
suspended sediments when RO is less than 1.0 (Vanoni,
1975).

Figure 7(b) shows the computed spatial and temporal
variations of the Rouse number for the model tsunami.
Based on the critical Rouse number criteria (i.e. RO , 2.5),
sediment suspension is possible as far as 2.0 km offshore
(although sediment suspension is limited to near the bed at
these larger offshore distances). During the tsunami runup
phase, full sediment suspension (i.e. RO , 1.0) can occur
when the tsunami approaches as close as 50 m to shore, and
such sediment suspension can be maintained by turbulence
up to 750 m onshore (i.e. x $ –750 m). Fig. 7(b) shows that
the Rouse number is maintained below 2.5 until almost the
maximum tsunami inundation point; therefore, suspended
sediments can be deposited beyond 750 m onshore and as
far as the maximum inundation point. Drawdown flows are
capable of inducing more severe sediment suspension, as
shown in Fig. 7(b).

The results in Fig. 7 demonstrate that the model tsunami
is capable of moving a substantial amount of sediments
along the beach. Although the model tsunami used in the
present computation is considered typical, several simplifica-
tions were made; for example, uniform sandy soils were
assumed throughout the domain. Furthermore, the foregoing
calculations are based on the one-dimensional tsunami mod-
el, which assumes no lateral (alongshore) variation. Tsunami
runup tends to flood uniformly over a coastal plain area,
whereas its drawdown process is influenced by even slight
lateral variations in the onshore terrain. This tendency results
from the fact that the water-surface profile increases offshore
during runup, but it decreases during drawdown. In other
words, the runup occurs with the flood of a thick water
body, and the drawdown forms a thin and swift current: the
deeper the flow, the less influence of the terrain variation.
This observation leads to a conjecture that sediments carried
from offshore are deposited evenly in the runup area. On the
other hand, severe scour and channelling can result by
eroding weak spots during drawdown.

PORE-PRESSURE EFFECTS
Yeh et al. (2001) performed laboratory experiments to

investigate the scour mechanism associated with a tsunami
impinging on a vertical cylindrical structure. The experi-
ments revealed at least two different scour mechanisms.
During the runup stage, a moderate degree of scour occurred
due to an increase in bed shear stress. The maximum scour
occurred during the drawdown stage, however. The experi-
mental results show that the soil around the cylinder lique-
fied, which removed or severely diminished the soil’s ability
to withstand even small bed shear stress. Based on experi-
mental observations, Yeh et al. (2001) hypothesised that as
the water level and velocity subside during the tsunami
drawdown process, the pressure on the seabed decreases
quickly, which creates a vertical pressure gradient that de-
creases the effective stress within the soil. This process leads
to momentary liquefaction. The time-sequence photographs

of quay-wall failure in Fig. 3 show evidence of momentary
liquefaction.

Fundamentally, the soil liquefies, with no effective stress
between the soil grains, when the vertical upward gradient
in the excess pore pressure, pe, exceeds the buoyant specific
weight of the saturated soil skeleton, ªb

#@pe

@z

""""
z¼z0

. (rsat # r)g % ªb (7)

where the excess pore pressure pe ¼ p – rg(h0 – z) and h0 is
the initial water depth at t ¼ 0. In equation (7), rsat is the
bulk density of the saturated soil skeleton, r is the water
density, the coordinate z is directed vertically upward and z0

is the elevation of the movable soil bed. When the soil
liquefies, no resisting forces remain, and the soil becomes
readily movable with any shear stress.

Pore-pressure effects on soil instability can be estimated
based on the one-dimensional consolidation model given by
Terzaghi (1943, 1956)

@pe

@t
¼ cv

@2pe

@z2
(8)

where cv is the coefficient of consolidation. Equation (8) is
a simple model for estimating the pore-pressure field in a
homogeneous and steady soil medium. The primary advan-
tage of using this physics-based model is that analytical
solutions are available for some situations. For example,
Tonkin et al. (2003) used the exact solution to equation (8)
for an infinite soil thickness by assuming that the surface
pressure decreases linearly from the initially pressurised state
in the soil medium. This assumption may not be realistic,
because the tsunami runup process takes a finite time to
reach the maximum inundation; therefore, the pore water in
the soils may not be completely pressurised by the over-
burden water depth prior to the drawdown process.

Herein, the authors consider more realistic conditions than
Tonkin et al. (2003) by modelling both tsunami runup and
drawdown processes. It is assumed that the soil is fully
saturated at all times, and that the consolidation coefficient
cv is constant. Without loss of generality, the initial condi-
tion and the boundary condition are set as

pe ¼ 0 at t ¼ 0; pe ¼ f (t) at z ¼ 0 (9)

The solution of equation (8) with the initial and boundary
conditions can be found in Carslaw & Jaeger (1959: p. 63)

pe ¼
#z

2
ffiffiffiffiffiffiffiffi
"cv
p

ðt

0

f (º)
exp #z2=4cv(t # º)
$ %

(t # º)3=2
dº (10)

It follows that

@pe

@z

""""
z¼0

¼ #1

2
ffiffiffiffiffiffiffiffi
"cv
p

ðt

0

f (º)

(t # º)2=3
dº (11)

To evaluate pore-pressure effects for the model tsunami,
the following sediment properties are used: the specific
gravity of sediment grains s ¼ 2.64, the initial void ratio
e0 ¼ 0.77 and the density of the saturated soil
rsat ¼ 1.93 3 103 kg/m3: According to equation (7), the
pore-pressure gradient in the vertical direction that induces
liquefaction is –9.12 kPa/m, and the corresponding vertical
gradient in the pore-pressure water head is –0.93. The value
of the consolidation coefficient cv is unlikely to remain
constant during transient loading. Yeh et al. (2004) used an
apparatus that mimics the rapid pressure relief on the soil
surface in a controlled manner, which allowed the values of

136 YEH AND MASON

wave 

Seabed 

Criteria for wave-induced 
liquefaction of sand: 

●  Occurs when the upward gradient in wave-induced excess pore pressure 
exceeds the buoyant specific weight of the saturated soil skeleton.  

(Sumer 2014) 

(e.g., Yeh & Mason 2014; Qi & Gao 2015, 2018) 



0 50 100 150 200
-8

-6

-4

-2

0

2

4

6

8

0 50 100 150 200
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

ZLiq 
Liquefied sand 

ρobj /ρwet.sand = 0.7           1.5            3.5 0.7            1.5             3.5 

Non-liquefied sand 

Non-liquefied sand 

Liquefaction: Classic Response 
●  What is the simple classic expectation of object response to liquefaction? 

●  Ans:  Sink down to bottom of liquefied layer if  ρobj /ρwet.sand > 1 

Seabed 

Sea surface 

(ρwet.sand ≈ 1900 kg/m3 for both liquefied and non-liquefied sand.) 12 
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Storm at Duck, NC, Feb 2015, Hsig > 4 meters 
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Expected result: 
ρobj /ρwet.sand = 

(Calantoni) 

Observed result: 

●  Burial depth (B) continues to increase with ρobj /ρwet.sand > 1  

●  B ≠ Zliq  and B from one event is often much less than Zliq 

●  B is observed to scale with with object diameter (D) 

●  B/D  ~  ρobj/ρwet.sand 

 

Observations (Calantoni)  ≠  Expectations: 

●  Simple classic response does not agree with field observations 
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Field observations: model munitions 
burial by storm at Duck, NC, Feb 2015 

 
(Calantoni, SERDP Workshop, June 2017) 
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●  Simple classic response does not agree with lab observations. 

from 9 to 6 s has a very negligible effect on the rate of object
displacement. It can also be seen that the rate of displacement
decreases with time as the 22 kPa amplitude loading is continued
in Zones III–V. The loading amplitude is again decreased to
13 kPa in Zone VI. The rate of object displacement was found to
decrease significantly after the loading amplitude is decreased
from 22 to 13 kPa.

From the study of object burial patterns under different wave
amplitudes and wave frequencies, it has been found that the rate
of object burial is affected by wave amplitude, wave frequency,
and the history of wave loading. The rate of object burial in-
creases with an increase in wave amplitude and a decrease in
wave period. It has also been found that if a particular wave
loading is continued, the rate of object burial decreases by in-
creasing number of wave cycles.

The initial conditions at the beginning of different loading
zones are different, and this will influence the buoyancy forces
experienced by the sinking object. However, the applied loading
can be thought of as a typical field loading.

Depth of Burial of Objects

Although liquefaction was induced momentarily up to 150 mm
depth in Time Zone I, the heavy object did not sink instanta-
neously up to the maximum depth of momentary liquefaction. At
the end of 50 wave cycles, at 450 s, the heavy object sank only
18 mm. Similarly in Zone IV, the depth of momentary liquefac-
tion was 1.4 m, but the object sank only 60 mm. Even at the end
of all wave loads, at 2,300 s, the heavy object sank only 85 mm.
Thus, objects placed on the seabed do not sink instantaneously up
to the depth of momentary liquefaction. Rather they sink slowly
into the liquefied seabed. Also at the end of the experiment, the
settlement of sand bed was found to be 15 mm. Though the heavy
object sank 85 mm, true burial depth is only 70 mm, as the sand
bed settled by 15 mm. Thus, the depth of burial depends on rela-
tive velocities of the object and the seabed.

In the experiments, the depth of burial was increasing with the
number of waves. Experiments were not continued beyond

2,300 s, therefore, the final depth of burial is not known. Further
research is required to determine the final depth of burial and its
relation to the depth of momentary liquefaction.

Displacement of Object under Different Phases
of Wave Loading

The displacement of the object under different phases of wave
loading during one typical wave period is shown in Fig. 11. As
shown in Fig. 11, the displacement of the object during one wave
period can be divided in two distinct sections associated with
the wave phases, i.e., the unloading phase ABC and the loading
phase CDE.

It is seen that the object moves more downwards during the
loading phase !CDE", whereas the object maintains a more or less
stable position during the unloading phase !ABC". It is interesting
to note that downward displacement of the object took place not
under the wave trough !that is when soil would be momentarily
liquefied", rather the downward movement of the object was ob-
served during the phase of the wave loading where there was an
increase in effective stress.

In order to explain the displacement of the object associated
with different phases of wave loading, let us consider different
forces acting on the object at different phases of wave loading.
The forces acting on the object at Point B are buoyant weight of
the object acting downwards and an uplift force due to the pore
pressure gradient. At Point B, dynamic pressure at the surface of
the sand bed is zero whereas there is a positive dynamic pore
water pressure within the seabed, due to attenuation and phase
shift of pore pressure response. As a result there is an upward
directed water pressure acting against the self-weight of the ob-
ject. Thus the object does not displace much during ABC.

Now, let us consider the loading phase of the wave. The top
‘part of sand bed is in a liquefied condition under the wave trough
at Point C. At this point, soil particles will be in a suspended state
up to the depth of momentary liquefaction. The loading starts at C
and it increases the vertical load on the object and can easily push
the object into the liquefied seabed before the seabed experiences

Fig. 10. Displacement of the heavy object at different stages of wave loading

JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / JULY 2006 / 849

L!wavelength. Thus, 1D and 2D solutions are close to each other
up to a depth of 0.159L. Now let us calculate the maximum depth
of momentary liquefaction. The maximum depth of momentary
liquefaction is expected to occur under a breaking wave condi-
tion. Under a shallow wave condition, which is most favorable for
momentary liquefaction, the breaking wave height is given by
!Sakai et al. 1992"

Hb = 0.78h !1"

where Hb=breaking wave height and h=water depth. In the shal-
low water wave condition it can be assumed that

L " 20h !2"

Therefore under the shallow water wave condition

Hb # 0.039L !3"

Sakai et al. !1992" has also shown that, under the breaking wave
condition, the momentary liquefaction depth can extend up to a
depth equal to half of the breaking wave height. Thus

dm # 0.0195L !4"

From the above-mentioned relationship it is seen that the depth
of momentary liquefaction can extend up to a maximum depth of
0.0195L. Whereas the 1D and 2D solutions are very close to each
other up to a depth approximately equal to 0.159L, which is much
larger than the maximum liquefaction depth under the shallow
water wave condition. From the previous discussion, it is evident
that the one-dimensional test program can reasonably be used
for the purpose of momentary liquefaction analysis of the seabed
under wave loading, particularly under shallow water wave
condition.

Experimental Program

The results shown in the previous section show that for momen-
tary liquefaction studies, one-dimensional approximation is
sufficiently accurate in simulating 2D field problems. Thus a one-
dimensional wave tank apparatus has been developed !Fig. 3".

The total height and diameter of the wave tank were 2.5 m and
800 mm, respectively. Such a large system can be viewed as a
near full scale of a shallow water problem. The wave tank was
composed of five stainless steel circular rings stacked together.
Each of the rings has an internal diameter of 800 mm and a height
of 500 mm. Flanges were fabricated at each end of the rings for
bolting the rings together. In order to make the system watertight,
rubber gaskets were placed between the rings.

To facilitate visualization, a rectangular Perspex window hav-
ing a size of 400 mm$200 mm was fitted with each of the rings.
On the side of each ring, threaded holes were drilled for installa-
tion of pore pressure transducers at different levels within the
sand bed and in the water above the sand bed. The bottom ring
was closed at the lower end. A circular hole of 30 mm was con-
nected to a perforated circular pipe system placed below the sand
bed through which water and CO2 were supplied to saturate the
soil sample. To increase stability of the whole system, two large
I-beam sections were placed under the bottom plate. A circular
plate made of stainless steel was placed on the top of the circular

Fig. 2. Comparison of 1-D and 2-D solutions for effective stress

Fig. 3. 1-D wave tank system: !a" whole setup; !b" 1-D tank
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Object sinking is not necessarily rapid:  
    80 mm/2000 sec ≈ 1.4 cm/hour 

Influence of Degree of Saturation

Results in Fig. 7 show that an increase in the degree of saturation
invariably increases the pore pressure responses. Thus, the seabed
with a lower degree of saturation is more likely to momentarily
liquefy than the seabed with a higher degree of saturation. Results
also show that the influence of the degree of saturation on the
pore pressure responses is higher at smaller wave periods. Let us
consider the results of tests on dense sand !Tests 1 and 2" for a
dimensionless depth of 0.28. At a wave period of 3 s, an increase
in the degree of saturation causes a 22% increase in pore pressure
whereas at a wave period of 27 s, a similar increase in the degree
of saturation causes only a 5% increase in the pore pressure re-
sponse. Similar conclusion can be drawn for other depths within
both the dense and loose sand beds. Thus, degree of saturation
plays a more important role at smaller wave periods for momen-
tary liquefaction of the seabed.

It is also found that the influence of the degree of saturation is
higher at the deeper portion than at the shallower portion of the
sand bed. For a given wave period, a similar increase in the de-
gree of saturation causes a higher increase in the pore pressure
response in the deeper portion than in the shallower portion of the
sand bed for both cases of loose and dense sand beds. Let us
consider the case for loose sand as represented in Fig. 7!b" for a
wave period of 9 s. In a comparison of results from Tests 3 and 4,
it is found that an increase in the degree of saturation increases
the pore pressure response by approximately 10% at a dimension-
less depth of 0.28 whereas a similar increase in the degree of
saturation increases the pore pressure response at a dimensionless
depth of 0.86 by more than 20%. A similar trend can also be
found for dense sand as well.

The depth of momentary liquefaction is directly related to the
fraction of the applied bed pressure propagated within the seabed.
The lower the fraction of applied bed pressure propagated within
the seabed, the higher will be the slope of the dynamic effective
stress profile under the trough phase of the wave loading and
consequently, higher will be the depth of momentary liquefaction.
Experimental results show that pore pressure responses within the
seabed at a particular location increases with increasing wave
period, increasing the degree of saturation and increasing the per-

meability value of the soil. Therefore, for a given set of wave and
soil properties, the depth of momentary liquefaction is likely
to increase with decreasing permeability !increasing relative
density", decreasing degree of saturation, and decreasing wave
period.

Sinking of the Object on the Sand Bed

Besides the four tests conducted to investigate the pore pressure
propagation characteristics within the model seabed, one addi-
tional test !Test 5" was conducted to study the sinking of objects
placed on the model seabed. For this test, a loose sand bed !rela-
tive density of 40%" was saturated with normal water to mimic in
situ degree of saturation. The pore pressure transducers placed at
seven different locations within seabed measured the changes in
pore pressure due to wave loading.

Two different types of objects, a light object with a specific
gravity of 1.05 and a heavy object with a specific gravity of 2.40,
were used for the study of progressive burial of objects in the
liquefied seabed. The dimensions of the objects are given in Table
4. The objects represent typical sea mines on the seabed. The size
and specific gravity of the model objects were selected based on
the specification of mines used by the Office of Naval Research.
The two objects were placed on the sand bed next to each other,
clear distance between them was approximately 10 cm, as shown
in Fig. 8!a". Displacements of the objects were continuously mea-
sured with the help of submergible LVDTs. The submergible
LVDTs are hung from a railing, as shown in Fig. 8!a", which was
connected to the top plate. The burial depth measured by the
LVDT is independent of the seabed settlement.

The values of wave periods were selected to be 6 and 9 s as
they represent typical shallow water field wave periods. The mag-

Table 4. Properties of the Objects Placed on the Seabed

Type of
object

Length
!cm"

Diameter
!cm"

Specific
gravity

Heavy 20 10 2.40
Light 20 5 1.05

Fig. 7. Pore pressure variation with wave period: !a" dense; !b" loose sand

Fig. 8. Position of objects: !a" before; !b" after loading
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Results: Force Balance 
Seabed 

Fbuoy = Volumeobj (ρobj – ρsed,wet) g 

Fdrag = frictcoeff  ρsed,wet g Areaobj Velobj  (Clement et al., 
2018) 

Force balance between buoyancy and drag: 

Dobj  Bobj  

Velobj = d(Bobj)/dt 

Velobj = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) 

Set Fbuoy = Fdrag and solve for sinking velocity, Velobj: 

Bobj = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Tliquef 

Integrate in time over liquefaction event to solve for Bobj: 

Tliquef  = duration of liquefaction event 

ρ = density 
g = gravity 



B
/D

 

Field observations: model munitions 
burial by storm at Duck, NC, Feb 2015 

 
(Calantoni, SERDP Workshop, June 2017) 

ρobj/ρwet.sand 

l l l l 

l l l l l l 

l l 

1 2 3 4 

(B/D)obj = (Tliquef/frictcoeff) (ρobj/ρwet.sand – 1) 

≈ 8/3 

Fit to slope in model formulation to observations from Duck, NC: 

Bobj = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Tliquef 

From previous slide: 

Solve for (B/D) and fit to observations: 
 Slope ≈ 8/3 

Results: Form Consistent with Observations 

16 



22 W.-G. Qi, F.-P. Gao / Theoretical and Applied Mechanics Letters 5 (2015) 20–23

Fig. 2. Comparison of 1-D and 2-D solutions of maximum pore-pressure response
under waves.

coefficient of permeability, i is the imaginary number, ! = 2p/T
is the angular frequency of the wave.

Corresponding boundary conditions are adopted as follows
at z = 0:
@u
@z

= 0 and p = p0 exp (i!t) (5a)

at z = d:

u = 0 and w = 0 (5b)

where p0 = �H
2 cosh(�h) is the amplitude of wave-induced pressure at

the surface of the seabed, H is the wave height, � = 2p/L is the
wave number, L is the wave length, and d is the soil depth.

A simple closed form solution of pore-pressure under the 1-D
approximation developed by Chowdhury [17], according to Eqs.
(4)–(5), is:

p = p0


B + (1 � B)

exp (�az) + exp (�2ad) . exp (az)
1 + exp (�2ad)

�

⇥ exp (i!t) (6)

where a =
q

!
2Cv

and B = 1
(1+n�/mv)

are two coefficients, Cv = ksB
mv�

is the coefficient of consolidation of soil. The term exp (�2ad)
is neglected for the case of large soil layer thickness, and the
following expression for p is obtained

p = p0 [B cos (!t) + (1 � B) exp (�az) cos (!t � az)] . (7)

Figure 2 shows the comparison of analytical results from 1-D (Eq.
(8)) to 2-D [14] solutions for a typical wave–seabed interaction
problem. It is shown that the pore-pressure distributions using 1-D
and2-D analyses are reasonably close to each other near the seabed
surface, although there exists slight divergence with depth.

The momentary liquefaction depth can be estimated according
to the aforementioned assumed pore-pressure gradient distribu-
tion in the liquefied layer represented by Eq. (3b) and the pore-
pressure distribution below the liquefied layer represented by fol-
lowing expression (see Fig. 1(b))

p = p0
0
⇥
B cos (!t) + (1 � B) exp

�
�az 0� cos

�
!t � az 0�⇤ (8)

where p0
0 = p0�� 0zL, and z 0 = z�zL. At z = zL (z 0 = 0, interface of

the liquefied and un-liquefied soil layers), the following condition
must be satisfied

dp/dz 0��
z0=0 = � 0. (9)

The left term of Eq. (9) can be obtained from Eq. (8) by

dp/dz 0��
z0=0 = a (1 � B)

�
p0 � � 0zL

�
[sin (!t) � cos (!t)] . (10)

Substituting Eq. (10) into Eq. (9), the liquefaction depth zL can be
written as

zL = p0
� 0 � 1

a (1 � B) [sin (!t) � cos (!t)]
. (11)

Under the wave trough phase, putting !t = p into Eq. (11), the
maximummomentary liquefaction depth can be expressed as

zL = p0
� 0 � 1

a (1 � B)
. (12)

Figure 3 shows the vertical distributions of maximum wave-
induced change of vertical effective stress |Pb � p|, vertical
effective stress � 0

v0 and seepage force dp/dz at wave trough phase
for a set of typical wave parameters and soil properties. The results
in Fig. 3(a) are produced by directly employing Eq. (7), while those
in Fig. 3(b) are obtained by estimating the liquefaction depth with
Eq. (12) and then calculating the pore-pressure response below
the liquefied layer using Eq. (8). It is found that under the present
modification, the updated liquefaction depth using Eq. (12) is
smaller than that from Eq. (1) and larger than that from Eq. (2)
(z1 < zL < z2). It is also clearly shown in Fig. 3(b) that the
balance of either the soil particles in the liquefied layer or the
whole liquefied layer is satisfied (see Eq. (3)).

The saturation degree of the soil may have effect on the pore-
pressure distribution and the resultant momentary liquefaction
depth. The large pressure gradient in the case of unsaturated soil
is caused by the air/gas content of the soil. Only a very small
amount of gas (less than 1%) can cause very large dissipation of the
pore-pressure over the depth and thus resulting in an increased
likelihood of liquefaction [9]. Previous studies suggested that an
air content of up to 3%–5% may typically be present in the pores
of many seabeds [18], implying a somewhat higher potential for
momentary liquefaction than the idealized case of a saturated
seabed.

The variations of the maximum momentary liquefaction depth
with Sr adopting original pore-pressure distribution and corre-
sponding criteria (Eqs. (1), (2), and (7)), and the improved ap-
proximation (Eq. (12)), are shown in Fig. 4 for a typical set of the
other soil parameters and wave conditions. The results show rela-
tively large differences. The momentary liquefaction depth adopt-
ing the improved approximation generally locates in between of
those from the criteria expressed with Eqs. (1) and (2). A signifi-
cant decrease of momentary liquefaction depth is indicated with
the increase of Sr for the range of 0.98 < Sr < 0.993. For the con-
dition of Sr < 0.98, the values of the liquefaction tend to be stable.
For a nearly saturated soil, momentary liquefaction rarely occurs.

Momentary liquefaction usually occurs in the upper layer of
the sandy seabed. The maximum momentary liquefaction depth
generally does not exceed half of the wave height [2]. Therefore, it
usually has much influence on the shallowly embedded structures
(e.g. submarine pipelines). In the on-bottom stability design of
submarine pipelines, an appropriate estimation of liquefaction
susceptibility is crucial to determining the required burial depth
to avoid the sinking/floatation of pipelines [16,19]. The present
updated approximation of momentary liquefaction depth may
provide a more reasonable evaluation for the stability of such
submarine structures.
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gives liquefaction depth: (Qi & Gao, 2015) 

p0 = Amplitude of wave-induced pressure at seabed (~ wave height = Hsig) 
 γ’ = (ρobj – ρsed,wet) g  = Submerged wet weight of sand bed 
 a = Vertical wave number in the bed,  funct(Periodwave, bed consolidation)  
 b = Bed compressibility coeff,  funct(sand saturation = Sr, permeability)  
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≥  (ρwet.sand – ρwater) g 

particles in the flow. The sediment particle settling velocity
can be computed, for example, by Julien (2002)

ws ¼
8!
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ (s# 1)gd3

72!2

s

# 1

0

@

1

A
(6)

where ! is the kinematic viscosity of the fluid. Equation (6)
yields a particle settling velocity of 52 mm/s for the model
sediments considered in this paper (with d ¼ 0.35 mm).
Suspended sediments can be maintained when RO is less
than 2.5, and an entire water column would be filled with
suspended sediments when RO is less than 1.0 (Vanoni,
1975).

Figure 7(b) shows the computed spatial and temporal
variations of the Rouse number for the model tsunami.
Based on the critical Rouse number criteria (i.e. RO , 2.5),
sediment suspension is possible as far as 2.0 km offshore
(although sediment suspension is limited to near the bed at
these larger offshore distances). During the tsunami runup
phase, full sediment suspension (i.e. RO , 1.0) can occur
when the tsunami approaches as close as 50 m to shore, and
such sediment suspension can be maintained by turbulence
up to 750 m onshore (i.e. x $ –750 m). Fig. 7(b) shows that
the Rouse number is maintained below 2.5 until almost the
maximum tsunami inundation point; therefore, suspended
sediments can be deposited beyond 750 m onshore and as
far as the maximum inundation point. Drawdown flows are
capable of inducing more severe sediment suspension, as
shown in Fig. 7(b).

The results in Fig. 7 demonstrate that the model tsunami
is capable of moving a substantial amount of sediments
along the beach. Although the model tsunami used in the
present computation is considered typical, several simplifica-
tions were made; for example, uniform sandy soils were
assumed throughout the domain. Furthermore, the foregoing
calculations are based on the one-dimensional tsunami mod-
el, which assumes no lateral (alongshore) variation. Tsunami
runup tends to flood uniformly over a coastal plain area,
whereas its drawdown process is influenced by even slight
lateral variations in the onshore terrain. This tendency results
from the fact that the water-surface profile increases offshore
during runup, but it decreases during drawdown. In other
words, the runup occurs with the flood of a thick water
body, and the drawdown forms a thin and swift current: the
deeper the flow, the less influence of the terrain variation.
This observation leads to a conjecture that sediments carried
from offshore are deposited evenly in the runup area. On the
other hand, severe scour and channelling can result by
eroding weak spots during drawdown.

PORE-PRESSURE EFFECTS
Yeh et al. (2001) performed laboratory experiments to

investigate the scour mechanism associated with a tsunami
impinging on a vertical cylindrical structure. The experi-
ments revealed at least two different scour mechanisms.
During the runup stage, a moderate degree of scour occurred
due to an increase in bed shear stress. The maximum scour
occurred during the drawdown stage, however. The experi-
mental results show that the soil around the cylinder lique-
fied, which removed or severely diminished the soil’s ability
to withstand even small bed shear stress. Based on experi-
mental observations, Yeh et al. (2001) hypothesised that as
the water level and velocity subside during the tsunami
drawdown process, the pressure on the seabed decreases
quickly, which creates a vertical pressure gradient that de-
creases the effective stress within the soil. This process leads
to momentary liquefaction. The time-sequence photographs

of quay-wall failure in Fig. 3 show evidence of momentary
liquefaction.

Fundamentally, the soil liquefies, with no effective stress
between the soil grains, when the vertical upward gradient
in the excess pore pressure, pe, exceeds the buoyant specific
weight of the saturated soil skeleton, ªb

#@pe

@z

""""
z¼z0

. (rsat # r)g % ªb (7)

where the excess pore pressure pe ¼ p – rg(h0 – z) and h0 is
the initial water depth at t ¼ 0. In equation (7), rsat is the
bulk density of the saturated soil skeleton, r is the water
density, the coordinate z is directed vertically upward and z0

is the elevation of the movable soil bed. When the soil
liquefies, no resisting forces remain, and the soil becomes
readily movable with any shear stress.

Pore-pressure effects on soil instability can be estimated
based on the one-dimensional consolidation model given by
Terzaghi (1943, 1956)

@pe

@t
¼ cv

@2pe

@z2
(8)

where cv is the coefficient of consolidation. Equation (8) is
a simple model for estimating the pore-pressure field in a
homogeneous and steady soil medium. The primary advan-
tage of using this physics-based model is that analytical
solutions are available for some situations. For example,
Tonkin et al. (2003) used the exact solution to equation (8)
for an infinite soil thickness by assuming that the surface
pressure decreases linearly from the initially pressurised state
in the soil medium. This assumption may not be realistic,
because the tsunami runup process takes a finite time to
reach the maximum inundation; therefore, the pore water in
the soils may not be completely pressurised by the over-
burden water depth prior to the drawdown process.

Herein, the authors consider more realistic conditions than
Tonkin et al. (2003) by modelling both tsunami runup and
drawdown processes. It is assumed that the soil is fully
saturated at all times, and that the consolidation coefficient
cv is constant. Without loss of generality, the initial condi-
tion and the boundary condition are set as

pe ¼ 0 at t ¼ 0; pe ¼ f (t) at z ¼ 0 (9)

The solution of equation (8) with the initial and boundary
conditions can be found in Carslaw & Jaeger (1959: p. 63)

pe ¼
#z

2
ffiffiffiffiffiffiffiffi
"cv
p

ðt

0

f (º)
exp #z2=4cv(t # º)
$ %

(t # º)3=2
dº (10)

It follows that

@pe

@z

""""
z¼0

¼ #1

2
ffiffiffiffiffiffiffiffi
"cv
p

ðt

0

f (º)

(t # º)2=3
dº (11)

To evaluate pore-pressure effects for the model tsunami,
the following sediment properties are used: the specific
gravity of sediment grains s ¼ 2.64, the initial void ratio
e0 ¼ 0.77 and the density of the saturated soil
rsat ¼ 1.93 3 103 kg/m3: According to equation (7), the
pore-pressure gradient in the vertical direction that induces
liquefaction is –9.12 kPa/m, and the corresponding vertical
gradient in the pore-pressure water head is –0.93. The value
of the consolidation coefficient cv is unlikely to remain
constant during transient loading. Yeh et al. (2004) used an
apparatus that mimics the rapid pressure relief on the soil
surface in a controlled manner, which allowed the values of
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(B/D)obj = (Tliquef/frictcoeff) (ρobj/ρwet.sand – 1) 

≈ 8/3 

Tliquef ≈ 35 hours 

So:  frictcoeff ≈ (3/8) (35 hours) ≈ 13 hours 
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Fig. 2. Comparison of 1-D and 2-D solutions of maximum pore-pressure response
under waves.

coefficient of permeability, i is the imaginary number, ! = 2p/T
is the angular frequency of the wave.

Corresponding boundary conditions are adopted as follows
at z = 0:
@u
@z

= 0 and p = p0 exp (i!t) (5a)

at z = d:

u = 0 and w = 0 (5b)

where p0 = �H
2 cosh(�h) is the amplitude of wave-induced pressure at

the surface of the seabed, H is the wave height, � = 2p/L is the
wave number, L is the wave length, and d is the soil depth.

A simple closed form solution of pore-pressure under the 1-D
approximation developed by Chowdhury [17], according to Eqs.
(4)–(5), is:

p = p0


B + (1 � B)

exp (�az) + exp (�2ad) . exp (az)
1 + exp (�2ad)

�

⇥ exp (i!t) (6)

where a =
q

!
2Cv

and B = 1
(1+n�/mv)

are two coefficients, Cv = ksB
mv�

is the coefficient of consolidation of soil. The term exp (�2ad)
is neglected for the case of large soil layer thickness, and the
following expression for p is obtained

p = p0 [B cos (!t) + (1 � B) exp (�az) cos (!t � az)] . (7)

Figure 2 shows the comparison of analytical results from 1-D (Eq.
(8)) to 2-D [14] solutions for a typical wave–seabed interaction
problem. It is shown that the pore-pressure distributions using 1-D
and2-D analyses are reasonably close to each other near the seabed
surface, although there exists slight divergence with depth.

The momentary liquefaction depth can be estimated according
to the aforementioned assumed pore-pressure gradient distribu-
tion in the liquefied layer represented by Eq. (3b) and the pore-
pressure distribution below the liquefied layer represented by fol-
lowing expression (see Fig. 1(b))

p = p0
0
⇥
B cos (!t) + (1 � B) exp

�
�az 0� cos

�
!t � az 0�⇤ (8)

where p0
0 = p0�� 0zL, and z 0 = z�zL. At z = zL (z 0 = 0, interface of

the liquefied and un-liquefied soil layers), the following condition
must be satisfied

dp/dz 0��
z0=0 = � 0. (9)

The left term of Eq. (9) can be obtained from Eq. (8) by

dp/dz 0��
z0=0 = a (1 � B)

�
p0 � � 0zL

�
[sin (!t) � cos (!t)] . (10)

Substituting Eq. (10) into Eq. (9), the liquefaction depth zL can be
written as

zL = p0
� 0 � 1

a (1 � B) [sin (!t) � cos (!t)]
. (11)

Under the wave trough phase, putting !t = p into Eq. (11), the
maximummomentary liquefaction depth can be expressed as

zL = p0
� 0 � 1

a (1 � B)
. (12)

Figure 3 shows the vertical distributions of maximum wave-
induced change of vertical effective stress |Pb � p|, vertical
effective stress � 0

v0 and seepage force dp/dz at wave trough phase
for a set of typical wave parameters and soil properties. The results
in Fig. 3(a) are produced by directly employing Eq. (7), while those
in Fig. 3(b) are obtained by estimating the liquefaction depth with
Eq. (12) and then calculating the pore-pressure response below
the liquefied layer using Eq. (8). It is found that under the present
modification, the updated liquefaction depth using Eq. (12) is
smaller than that from Eq. (1) and larger than that from Eq. (2)
(z1 < zL < z2). It is also clearly shown in Fig. 3(b) that the
balance of either the soil particles in the liquefied layer or the
whole liquefied layer is satisfied (see Eq. (3)).

The saturation degree of the soil may have effect on the pore-
pressure distribution and the resultant momentary liquefaction
depth. The large pressure gradient in the case of unsaturated soil
is caused by the air/gas content of the soil. Only a very small
amount of gas (less than 1%) can cause very large dissipation of the
pore-pressure over the depth and thus resulting in an increased
likelihood of liquefaction [9]. Previous studies suggested that an
air content of up to 3%–5% may typically be present in the pores
of many seabeds [18], implying a somewhat higher potential for
momentary liquefaction than the idealized case of a saturated
seabed.

The variations of the maximum momentary liquefaction depth
with Sr adopting original pore-pressure distribution and corre-
sponding criteria (Eqs. (1), (2), and (7)), and the improved ap-
proximation (Eq. (12)), are shown in Fig. 4 for a typical set of the
other soil parameters and wave conditions. The results show rela-
tively large differences. The momentary liquefaction depth adopt-
ing the improved approximation generally locates in between of
those from the criteria expressed with Eqs. (1) and (2). A signifi-
cant decrease of momentary liquefaction depth is indicated with
the increase of Sr for the range of 0.98 < Sr < 0.993. For the con-
dition of Sr < 0.98, the values of the liquefaction tend to be stable.
For a nearly saturated soil, momentary liquefaction rarely occurs.

Momentary liquefaction usually occurs in the upper layer of
the sandy seabed. The maximum momentary liquefaction depth
generally does not exceed half of the wave height [2]. Therefore, it
usually has much influence on the shallowly embedded structures
(e.g. submarine pipelines). In the on-bottom stability design of
submarine pipelines, an appropriate estimation of liquefaction
susceptibility is crucial to determining the required burial depth
to avoid the sinking/floatation of pipelines [16,19]. The present
updated approximation of momentary liquefaction depth may
provide a more reasonable evaluation for the stability of such
submarine structures.
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Parameters as in Qi & Gao (2015), with h = 8 m.  
Tuned via saturation, using Sr = 0.993. 
(If ZL < 0, then no liquefaction) 
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Velobj = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) = ΔBobj/Δt Calculate time-series of object burial using: 

So    (1)  ΔBobj(t) = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Δt    if  Bobj < ZL ;     and  (2)   ΔBobj(t) = 0           if  Bobj < ZL 
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Fig. 2. Comparison of 1-D and 2-D solutions of maximum pore-pressure response
under waves.

coefficient of permeability, i is the imaginary number, ! = 2p/T
is the angular frequency of the wave.

Corresponding boundary conditions are adopted as follows
at z = 0:
@u
@z

= 0 and p = p0 exp (i!t) (5a)

at z = d:

u = 0 and w = 0 (5b)

where p0 = �H
2 cosh(�h) is the amplitude of wave-induced pressure at

the surface of the seabed, H is the wave height, � = 2p/L is the
wave number, L is the wave length, and d is the soil depth.

A simple closed form solution of pore-pressure under the 1-D
approximation developed by Chowdhury [17], according to Eqs.
(4)–(5), is:

p = p0


B + (1 � B)

exp (�az) + exp (�2ad) . exp (az)
1 + exp (�2ad)

�

⇥ exp (i!t) (6)

where a =
q

!
2Cv

and B = 1
(1+n�/mv)

are two coefficients, Cv = ksB
mv�

is the coefficient of consolidation of soil. The term exp (�2ad)
is neglected for the case of large soil layer thickness, and the
following expression for p is obtained

p = p0 [B cos (!t) + (1 � B) exp (�az) cos (!t � az)] . (7)

Figure 2 shows the comparison of analytical results from 1-D (Eq.
(8)) to 2-D [14] solutions for a typical wave–seabed interaction
problem. It is shown that the pore-pressure distributions using 1-D
and2-D analyses are reasonably close to each other near the seabed
surface, although there exists slight divergence with depth.

The momentary liquefaction depth can be estimated according
to the aforementioned assumed pore-pressure gradient distribu-
tion in the liquefied layer represented by Eq. (3b) and the pore-
pressure distribution below the liquefied layer represented by fol-
lowing expression (see Fig. 1(b))

p = p0
0
⇥
B cos (!t) + (1 � B) exp

�
�az 0� cos

�
!t � az 0�⇤ (8)

where p0
0 = p0�� 0zL, and z 0 = z�zL. At z = zL (z 0 = 0, interface of

the liquefied and un-liquefied soil layers), the following condition
must be satisfied

dp/dz 0��
z0=0 = � 0. (9)

The left term of Eq. (9) can be obtained from Eq. (8) by

dp/dz 0��
z0=0 = a (1 � B)

�
p0 � � 0zL

�
[sin (!t) � cos (!t)] . (10)

Substituting Eq. (10) into Eq. (9), the liquefaction depth zL can be
written as

zL = p0
� 0 � 1

a (1 � B) [sin (!t) � cos (!t)]
. (11)

Under the wave trough phase, putting !t = p into Eq. (11), the
maximummomentary liquefaction depth can be expressed as

zL = p0
� 0 � 1

a (1 � B)
. (12)

Figure 3 shows the vertical distributions of maximum wave-
induced change of vertical effective stress |Pb � p|, vertical
effective stress � 0

v0 and seepage force dp/dz at wave trough phase
for a set of typical wave parameters and soil properties. The results
in Fig. 3(a) are produced by directly employing Eq. (7), while those
in Fig. 3(b) are obtained by estimating the liquefaction depth with
Eq. (12) and then calculating the pore-pressure response below
the liquefied layer using Eq. (8). It is found that under the present
modification, the updated liquefaction depth using Eq. (12) is
smaller than that from Eq. (1) and larger than that from Eq. (2)
(z1 < zL < z2). It is also clearly shown in Fig. 3(b) that the
balance of either the soil particles in the liquefied layer or the
whole liquefied layer is satisfied (see Eq. (3)).

The saturation degree of the soil may have effect on the pore-
pressure distribution and the resultant momentary liquefaction
depth. The large pressure gradient in the case of unsaturated soil
is caused by the air/gas content of the soil. Only a very small
amount of gas (less than 1%) can cause very large dissipation of the
pore-pressure over the depth and thus resulting in an increased
likelihood of liquefaction [9]. Previous studies suggested that an
air content of up to 3%–5% may typically be present in the pores
of many seabeds [18], implying a somewhat higher potential for
momentary liquefaction than the idealized case of a saturated
seabed.

The variations of the maximum momentary liquefaction depth
with Sr adopting original pore-pressure distribution and corre-
sponding criteria (Eqs. (1), (2), and (7)), and the improved ap-
proximation (Eq. (12)), are shown in Fig. 4 for a typical set of the
other soil parameters and wave conditions. The results show rela-
tively large differences. The momentary liquefaction depth adopt-
ing the improved approximation generally locates in between of
those from the criteria expressed with Eqs. (1) and (2). A signifi-
cant decrease of momentary liquefaction depth is indicated with
the increase of Sr for the range of 0.98 < Sr < 0.993. For the con-
dition of Sr < 0.98, the values of the liquefaction tend to be stable.
For a nearly saturated soil, momentary liquefaction rarely occurs.

Momentary liquefaction usually occurs in the upper layer of
the sandy seabed. The maximum momentary liquefaction depth
generally does not exceed half of the wave height [2]. Therefore, it
usually has much influence on the shallowly embedded structures
(e.g. submarine pipelines). In the on-bottom stability design of
submarine pipelines, an appropriate estimation of liquefaction
susceptibility is crucial to determining the required burial depth
to avoid the sinking/floatation of pipelines [16,19]. The present
updated approximation of momentary liquefaction depth may
provide a more reasonable evaluation for the stability of such
submarine structures.
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Results: Predicted Final Burial Depth 

Duck, NC, Feb ‘15, h = 8 m 
Duck, NC, Feb ‘15, h = 6 m 
Lab results   (Chowdhury et al. 2006) 

 

(Calantoni) 

Integrated:   ΔB(t) = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Δt    for  B < ZL 
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Results: What Does frictcoeff Depend On? 

from 9 to 6 s has a very negligible effect on the rate of object
displacement. It can also be seen that the rate of displacement
decreases with time as the 22 kPa amplitude loading is continued
in Zones III–V. The loading amplitude is again decreased to
13 kPa in Zone VI. The rate of object displacement was found to
decrease significantly after the loading amplitude is decreased
from 22 to 13 kPa.

From the study of object burial patterns under different wave
amplitudes and wave frequencies, it has been found that the rate
of object burial is affected by wave amplitude, wave frequency,
and the history of wave loading. The rate of object burial in-
creases with an increase in wave amplitude and a decrease in
wave period. It has also been found that if a particular wave
loading is continued, the rate of object burial decreases by in-
creasing number of wave cycles.

The initial conditions at the beginning of different loading
zones are different, and this will influence the buoyancy forces
experienced by the sinking object. However, the applied loading
can be thought of as a typical field loading.

Depth of Burial of Objects

Although liquefaction was induced momentarily up to 150 mm
depth in Time Zone I, the heavy object did not sink instanta-
neously up to the maximum depth of momentary liquefaction. At
the end of 50 wave cycles, at 450 s, the heavy object sank only
18 mm. Similarly in Zone IV, the depth of momentary liquefac-
tion was 1.4 m, but the object sank only 60 mm. Even at the end
of all wave loads, at 2,300 s, the heavy object sank only 85 mm.
Thus, objects placed on the seabed do not sink instantaneously up
to the depth of momentary liquefaction. Rather they sink slowly
into the liquefied seabed. Also at the end of the experiment, the
settlement of sand bed was found to be 15 mm. Though the heavy
object sank 85 mm, true burial depth is only 70 mm, as the sand
bed settled by 15 mm. Thus, the depth of burial depends on rela-
tive velocities of the object and the seabed.

In the experiments, the depth of burial was increasing with the
number of waves. Experiments were not continued beyond

2,300 s, therefore, the final depth of burial is not known. Further
research is required to determine the final depth of burial and its
relation to the depth of momentary liquefaction.

Displacement of Object under Different Phases
of Wave Loading

The displacement of the object under different phases of wave
loading during one typical wave period is shown in Fig. 11. As
shown in Fig. 11, the displacement of the object during one wave
period can be divided in two distinct sections associated with
the wave phases, i.e., the unloading phase ABC and the loading
phase CDE.

It is seen that the object moves more downwards during the
loading phase !CDE", whereas the object maintains a more or less
stable position during the unloading phase !ABC". It is interesting
to note that downward displacement of the object took place not
under the wave trough !that is when soil would be momentarily
liquefied", rather the downward movement of the object was ob-
served during the phase of the wave loading where there was an
increase in effective stress.

In order to explain the displacement of the object associated
with different phases of wave loading, let us consider different
forces acting on the object at different phases of wave loading.
The forces acting on the object at Point B are buoyant weight of
the object acting downwards and an uplift force due to the pore
pressure gradient. At Point B, dynamic pressure at the surface of
the sand bed is zero whereas there is a positive dynamic pore
water pressure within the seabed, due to attenuation and phase
shift of pore pressure response. As a result there is an upward
directed water pressure acting against the self-weight of the ob-
ject. Thus the object does not displace much during ABC.

Now, let us consider the loading phase of the wave. The top
‘part of sand bed is in a liquefied condition under the wave trough
at Point C. At this point, soil particles will be in a suspended state
up to the depth of momentary liquefaction. The loading starts at C
and it increases the vertical load on the object and can easily push
the object into the liquefied seabed before the seabed experiences

Fig. 10. Displacement of the heavy object at different stages of wave loading
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(Chowdhury et al. 2006) 

Velobj = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) = ΔBobj/Δt 

Larger frictcoeff Smaller frictcoeff Larger frictcoeff 

●  As amplitude of pressure fluctuations at bed (~ Hsig) increases, frictcoeff decreases 
21 
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Results: What Does frictcoeff Depend On? 
CLÉMENT, TOUSSAINT, STOJANOVA, AND AHARONOV PHYSICAL REVIEW E 97, 022905 (2018)

FIG. 5. Experimental setups. The mechanical part on the right
exerts a horizontal movement on the box, guided by the rails. (a)
Home-developed vibrator, using a Phidget R⃝ 1063 PhidgetStepper
Bipolar 1 and MATLAB

R⃝ controls. This stepmotor provides an os-
cillation with an amplitude range (mm) [5; 30] and a frequency
range (Hz) [0.15; 2.8]. (b) TIRA R⃝ TV51120 shaker that we used
with an amplitude range (mm) [0.2; 1.5] and frequency range (Hz)
[4; 100].

water. Two versions of the setup are shown in Fig. 5, using two
different vibrators reaching different powers and frequency
ranges: (a) a homemade vibrator, using a Phidget R⃝ 1063
PhidgetStepper Bipolar 1 and MATLAB

R⃝ controls, and (b) a
TIRA R⃝ TV51120 shaker, type S51120, for higher frequencies
and larger power. After 3 min of relaxation time, sufficient
for the granular matter to settle in the wet medium, we gently
depose the intruder on the surface of the medium. After another
minute of relaxation, the box is horizontally shaken with a
sinusoidal movement of controlled amplitude and frequency.
A camera records the experiments. In the setup in Fig. 5(a) we
use a Nikon R⃝ Digital Camera D5100 with an 80-mm objective
recording at 25 frames/s. In the setup in Fig. 5(b) we use a
fast camera Photron R⃝ SA5 with a similar objective at 20 000
frames/s. The setup is illuminated by a flickerfree HMI 400 W
Dedolight R⃝ spotlight in front of the experimental cell, next to
the camera. The videos are cut into series of snapshots using
the free software FFmpeg R⃝. Figure 6 presents six snapshots,
corresponding to the different positions of the intruder from
the beginning to the end of the shaking.

We can follow the position of the intruder inside the medium
through image analysis. We use MATLAB

R⃝ algorithms and
based on the color of each pixel of each picture, we access the
position of the pixel of the highest point of the ball. Using these
data and geometrical considerations to correct for perspective

FIG. 6. Series of snapshots of an experiment, read from left to
right and from top to bottom.

effects, we obtain the height of the ball above the granular
medium surface.

B. Numerical simulations

1. Modeling principles

Our simulations are 2D representations of the experimental
setup, based on discrete-element method of molecular dynam-
ics [57]. We use the soft-particle approach originally developed
by Cundall and Strack [58] where we add a buoyancy force
to account for the presence of water [45]. The simulations
give access to the trajectory and transient forces acting on
individual cylindrical particles immersed in a fluid inside a
finite space. In order to model a 2D space of size comparable
to the experiments, we need to use larger grains than the
experimental ones, since the experiments performed include
roughly 108 particles, which is beyond numerical capabilities
of the model described here. The behavior of each particle of
mass m and moment of inertia I is governed by the second law
of Newton and the angular momentum theorem,

∑
Fext = m z̈(t),

∑
M(Fext) = I

d θ̇

dt
(t), (14)

where
∑

Fext and
∑

M(Fext) are the sum of external forces
and the sum of external torques acting on the particle, respec-
tively, z̈(t) is the particle acceleration, and θ̇(t) is its angular
velocity. Our particles are cylinders because our simulation is
in two dimensions, thus, for a particle of radius r , the inertial
momentum is I = mr2/2 and the mass is m = ρsπr2l, where l
is the size of the medium in the third direction. To reproduce the
experimental setup, the numerical media are enclosed between
walls, two vertical ones on each side and a horizontal one on
the bottom (Fig. 7).

We compute the forces in the Galilean laboratory reference
frame. The forces implemented on each particle are the gravity,
the buoyancy force of the liquid, and the contact forces. We
assume the movement of the fluid with respect to the grains
to be slow enough to neglect the viscosity of the fluid. Thus,
the fluid only intervenes in this model via buoyancy forces.
For a particle of density ρs, volume V , and immersed volume
Vim, the gravity and buoyancy forces are given, respectively,
by Fgravity = Vρsgez and Fbuoyancy = −Vimρwgez, where g =
9.81 m s−2 and ez is the downward vertical unit vector.
We model the contacts between two particles with a linear

022905-6

For “earthquake”, Clément et al. (2018) found 

frictcoeff ~ 1/(velocity of ground shaking) 

●  inverse with (∂p/∂z)bed / (∂p/∂z)liquef    (larger Hsig, higher bed saturation) 

●  inverse with (∂p/∂x)bed / sediment weight    (i.e., Sleath Parameter) 

●  increasing with object depth within liquefied layer  (i.e., B/ZL) 

●  increasing with sediment angularity   (i.e., grain angle of repose) 

●  increasing with bed grain size + grain density  (i.e., grain settling velocity) 

 

Possible scalings for frictcoeff: 

ΔB(t) = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Δt 
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●  Useful interim products: 

     -- Outline of envelope prediction method       Bmax(t) ≈ ηBmax(1 – exp(-t/TBmax)) 
to translate bedform properties into statistical time-dependence of future object burial.  

     -- Vertical force balance equation for depth of burial by fluidization gives 
 
 
 
 
●  Transition plan for research into field use:   

     -- This project (MR-2647) was planned and is being executed in close collaboration with 
the larger SERDP project MR-2645 by Rennie & Brandt from JHU-APL entitled 
“Underwater Munitions Expert System for Remediation Guidance”. 

     -- The parameterized model relationships being developed here are being passed to 
Rennie for incorporation into the UnMES System which is explicitly for field use in helping 
guide the on site evaluation/remediation of UXO sites.      
 
 
 

ΔB(t) = (Dobj/frictcoeff) (ρobj/ρsed,wet  – 1) Δt    for  B < ZL 



Publications 

●  No journal publications have yet been submitted in association with MR-2647. 
However, two papers have appeared as a result of Friedrichs’s similar, previous 
SERDP project, MR-2224, in collaboration with MR-2227: 

●  Friedrichs C.T., S.E. Rennie, and A. Brandt, 2016. Self-burial of objects on 
sandy beds by scour: A synthesis of observations. In: J.M. Harris, R.J.S. 
Whitehouse, and S. Moxon (eds.), Scour and Erosion. CRC Press, p. 179-189.                                 
http://dx.doi.org/10.1201/9781315375045-23 

●  Rennie, S.E., A. Brandt, and C.T. Friedrichs, 2017. Initiation of motion and scour 
burial of objects underwater. Ocean Engineering, 131: 282-294.                             
http://dx.doi.org/10.1016/j.oceaneng.2016.12.029.       
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